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ABSTRACT 

We propose quantifying the quantum gravitational back-reaction on in- 
flation with an invariant measure of the local acceleration rather than the 
expansion rate. Our observable is suitable for models in which there is no 
scalar inflaton to provide a preferred velocity field with which to define the 
expansion. As an example, we use stochastic techniques to evaluate the local 
acceleration at one loop order for A-driven inflation in pure quantum gravity. 
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• Introduction: Everyone who has taught introductory physics is famil- 
iar with the confusion students sometimes experience between velocity and 
acceleration. When a stone is thrown upwards in a uniform gravitational 
field its acceleration is a negative constant whereas its velocity decreases lin- 
early from positive to negative. If the same process were viewed from the 
frame of an inertial observer initially moving upwards faster than the stone, 
the stone's velocity would be always negative but its acceleration would be 
unchanged. We shall argue that a similar confusion exists in identifying an 
invariant measure of the quantum gravitational back-reaction on inflation. 
What one wants to do is quantify the tendency for quantum processes to 
decelerate the universe, and this is independent of how rapidly the universe 
may be expanding with respect to some velocity field. 

Simple arguments indicate that gravitational back-reaction should slow 
inflation, either in pure gravity jTj or in scalar-driven inflation [2|. The idea 
is that inflation rips from the vacuum a continuous stream of virtual long 
wavelength quanta which are massless and not conformally invariant. The 
gravitational interactions between these particles induces a negative energy 
density that gradually increases as more and more of these particles come 
into causal contact with one another. 

Support for these ideas has come from detailed perturbative computa- 
tions, at 2-loop order in A-driven inflation |3] and at 1-loop order in scalar- 
driven inflation 4J. Unruh quite properly criticized these results on the 
grounds that they were obtained by regarding the expectation value of the 
gauge-fixed metric as an observable [5]. One way of resolving his concern 
is to do the computation in other gauges. That was too difficult for the 2- 
loop gravitational process but a simple check in a completely different gauge 
showed no change in the claimed back-reaction for scalar-driven inflation [0] . 

A much better way of addressing Unruh's criticism is to construct an 
invariant operator that measures the expansion rate even when perturbations 
are present. One can then compute the expectation value of this operator. A 
crude scalar measure of the spacetime expansion rate was obtained using the 
inverse conformal d'Alembertian acting upon unity [7j. This operator can be 
promoted to an invariant be evaluating it at an physically defined observation 
point. When the 1-loop expectation value of that invariant was evaluated 
for a model which had previously seemed to show back-reaction at one loop, 
the result was zero secular back-reaction jS] . Curiously, the scalar observable 
contributed nothing to this. When its expectation value was computed in 
the old, gauge- dependent coordinate systems it continued to show precisely 
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the old back-reaction effect. The nullification of the effect was entirely due 
to the corrections needed to define the observation point invariantly. 

A major step forward was taken by Geshnizjani and Brandenberger [§], 
who worked out how to apply the standard measure of expansion [TU] to the 
case of scalar-driven inflation. In this situation the scalar inflaton tp(t,x) 
provides a preferred 4-velocity field: 1 

u»(t,x) = - . CMMI . (i) 

^J-g a/3 (t, x) d a <p(t, x) d p ip(t, x) 

In this expression we mean the quantum metric and the full inflaton operator, 
including its classical background part and the quantum perturbation: 

ip(t,x) = tp {t)+6<p{t,x) . (2) 

Expression (JTJ) for obviously gives a timelike unit vector which is 

well-defined for small perturbations. By taking one third of its divergence 
one obtains a scalar measure of the expansion rate. The scalar becomes a full 
invariant when evaluated at a physically defined observation point. Owing 
to the spatial homogeneity and isotropy of the state it is only necessary to 
invariantly fix the time. The preferred coordinate system is one in which the 
full scalar agrees with its background value. That is, one solves perturbatively 
for the operator r[(p,g](t,x) which enforces the condition: 

<p(r(t,x),x) = if (t) ■ (3) 
The invariant expansion measure is: 

H(t,x) = \u^{r(t,x),x) = I-L^(7=^) (r(t,x),x) . (4) 



3 ;/n v , n j 3 

When the expectation value of (j3J) was evaluated for models which seemed 
to show secular back-reaction at 1-loop order, the result was no secular effect 
Computations of quantities such as the stress tensor [TT] continue to 
show secular back-reaction at one loop when observables are evaluated at 
a gauge-fixed coordinate point instead of at the physically defined location 

Hellenic indices take on spacetime values while Roman indices take on space values. 
Our conventions are that the metric g M „ has spacelike signature and the curvature tensor 
equals R a ^ = + T« ip V vfi 
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(J3J). It has also been shown that secular back-reaction can seem to occur at 
1-loop order in a two-scalar model if one uses the other, spectator, scalar to 
measure the expansion rate [12]. 

It seems clear that there is no secular one loop back-reaction in conven- 
tional scalar-driven inflation J3]. 2 This actually agrees with the putative 
physics of the effect. The causative agent is 1-loop particle production so it 
would have been fortuitous to see a secular gravitational response at the same 
order. Secular growth can only come as more and more of the produced par- 
ticles come into interaction with one another and that must be delayed - in 
perturbation theory - until at least 2-loop order. Scalar models can be con- 
trived which do show an invariantly quantified back-reaction effect at higher 
loop order [16j. And the problem will not go away because of the enormous 
potential impact of back-reaction in a realistic model [T7J [TH] IT§] |2"U|. 

A particularly interesting model in which to investigate back-reaction is 
A-driven inflation. The Lagrangian is just that of gravity with a positive 
cosmo logical constant: 

and the perturbative background would be de Sitter. One must certainly go 
to 2-loop order to see back-reaction in this model [2*T] l2"2~] 12*3*] . On the other 
hand, the system is uncomplicated by the classical evolution of a scalar in- 
flaton. The classical result for this model is no evolution at all so, if one sees 
evolution then it is due to quantum gravitational back-reaction; except that 
one still has to invariantly quantify the effect and there is no scalar inflaton 
to serve as a clock everyone can agree upon. Of course one could simply 
define an ersatz scalar any number of ways. For example, one could take the 
invariant volume of the past light-cone, measured from the observation point 
back to the initial value surface upon which the quantum state is released. 
This transforms as a scalar, and it certainly increases monotonically in the 
timelike direction. The trouble is that many such "scalars" can be defined 
and none of them has the privileged role that the scalar inflaton plays in 
setting the zero of time for the post-inflationary universe. 

• The de Sitter example: The ambiguity and the conflicting results it can 
produce are easy to understand on the classical level in de Sitter spacetime. 

2 But unconventional models might show it |14l 115) . 
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Suppose we take the "scalar" to be the time t c of the "closed" co-ordinate 
system: 3 

Closed ds 2 = -dt 2 c + cosh 2 (HQ dfll , (6) 

- oo < t c < oo , < cti < 7r (i = 1, 2) , < a 3 < 2n . (7) 

It is elementary to compute the velocity field (JTJ) and the expansion rate (jU) 
in this system: 

Closed =>■ < = <T =^ # c = Htanh(Ht c ) . (8) 

The integral curves of this velocity field are initially drawing together - so 
the expansion rate starts negative - but they eventually draw apart, resulting 
in positive expansion. 

Now suppose we adopt as our "scalar" the time t of the "open" co- 
ordinates sub-manifold: 4 

Open => ds 2 = -dt 2 D + e 2Ht ° || dx\\ 2 . (9) 

— oo < t D < oo , 0< ||x|| < oo (10) 
The resulting velocity field (JTJ) and expansion rate (jlj are: 

Open K = 5% H Q = H . (11) 

For the "open" velocity field the expansion rate is a positive constant through- 
out the sub-manifold. The latter includes some of the very same points for 
which the expansion rate is negative when measured with the velocity field 
u 1 ^. When this kind of ambiguity exists on the classical background there 
is little hope of finding a measure of spacetime expansion upon which all 
observers can agree when quantum perturbations are present. 

A little thought leads to the realization that - in attempting to identify a 
preferred velocity field from which to measure expansion in A-driven inflation 
- we have succumbed to the same confusion as the introductory physics 
student who seeks a preferred inertial frame. In the latter case, the laws 

3 De Sitter spacetime has the topology of S ^ 1 x and it is natural to cover the full 
manifold by using a co-ordinate system in which the spatial sections are S ^ 1 . 

4 The "open" co-ordinate system covers half of the full de Sitter manifold and has the 
topology of %t D . 
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of physics are phrased in terms of acceleration. In Galilean relativity, the 
co-ordinates of a given point in two different inertial frames of reference - 
which are in relative motion with velocity V with respect to one another - 
are related by: 

f = f' + Vt , (12) 
t = t' . (13) 

The position and velocity at a given point are frame-dependent quantities 
while the acceleration is not. 

So too in quantum gravity, it is really the local cosmological acceleration 
we wish to measure and not the expansion in some velocity field. 

• Acceleration in de Sitter: In general, the acceleration is obtained from 
the deviation equation of two infinitesimally close geodesies x m (t) and x M ( r ) + 
<5 X "(r): 

DH jf) T) = - R %Mr)} r(r)5 X p (T)r(r) . (14) 

The curvature tensor for de Sitter spacetime equals: 

de Sitter R a ^ s = H 2 9ps - 5 a s 9fh ) . (15) 

We now consider two initially parallel, timelike geodesies with spacelike sep- 
aration A M . In synchronous gauge we have: 

x"(r) = t8% , (16) 
X"(r) + 5 X "{r) = r*" + ^(0) , (17) 

g , u r& u = o , g , v r r = -i , (is) 



so that: 



' IX!i[T] \" »"o ■ (19) 



dr 

For these geodesies, the deviation equation (|14|) takes the form: 
D 2 AHt) 



Dt 2 



-H 2 ^ g pa ± p X a + H 2 r g P a X p A CT , (20) 
H 2 A» , (21) 



and a constant positive acceleration is manifest for any point on the manifold: 
the deviation between initially parallel, timelike and freely falling observers 
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expands exponentially at all points in de Sitter spacetime. This is a frame 
invariant statement that characterizes the de Sitter geometry and, conse- 
quently, is free of the ambiguities that plague the velocity field. 



• Acceleration in general: It is convenient to use the freedom under 
general co-ordinate transformations to bring an arbitrary metric into syn- 
chronous gauge: 

ds 2 = -dt 2 + g ij (t,x)dx i dx j . (22) 
The geodesic deviation equation reduces to:: 

D 2 AHt) 

= ~ R \o* , (23) 

\g ik hj + \g ik g lm g k i9ml)ti , (24) 

The cosmological observation we are interested should not depend on the 
direction of the vector A*, hence we contract into the vector by multiplying 
with g,ij A 3 . Nor on the magnitude of the vector A 1 , hence we scale the vector 
by dividing with its magnitude g rs A r A s : 

9ij A 3 D 2 A\t) 1 /l 1 



. 9u 9 9ik 9n A 4 A 3 , (25) 

g rs A r A s Dt 2 g rs A r A s \2 yiJ 4 y y *WJ ' v > 

It is the right hand side of the geodesic deviation equation which should 
provide the cosmological acceleration measurement 7 that the observer per- 
forms at event x: 

tf*) s J-S^Gfc-3«"fcfc) A4A >- (26) 

• Acceleration for flat Robertson-Walker spacetimes: Let us restrict our- 
selves to the cosmologically interesting homogeneous, isotropic and spatially 
flat geometries: 

FRW 9ij (t : x) = a 2 (t)S il . (27) 

Derivatives of the scale factor a(t) give the velocity (Hubble) parameter H(t) 
and the deceleration parameter q(t): 

■r-r, s a / \ ad _ H , . 

H(t) = - , „(t) s . (28) 
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The relevant components of the curvature tensor are: 

FRW R\ j0 = - in 2 + H) 5\ = qH 2 ?, , (29) 



and, therefore, the cosmological acceleration observable 7 equals: 

FRW => j(t) = -qH 2 = - , (30) 

a 

and it measures the fractional local cosmological acceleration. 

• Stochastic Acceleration: It is simple to evaluate the expectation value of 
the local acceleration 7 at one-loop order for the gravitational action (jSJ) using 
stochastic techniques [2U 123 EH| under the assumption of no back-reaction. 
First, we conformally re-scale the metric and express its time derivatives as 
functions of the re-scaled metric g^: 

m.i - "' 9ij 9ij = ^Ha 2 g ij + a 2 g ij , (31) 

=► gij = (2H + AH 2 ) a 2 fa + 4f/a% + a% • 

We also define the Euclidean direction vector: 

. _ A' 

n ~ VaW ' ^ 

Our observable (l2lfl) becomes: 



7 (x) = H 2 + H+ - r l—(U + tf£ - i^^gf,.,) nV . (33) 

Under the assumption of no back-reaction, the re-scaled spatial metric con- 
sists of the identity element plus just the transverse traceless field hj? of 
linearized gravitons: 



No Back — Reaction =>- = 5^ + V 32irG hj? , (34) 

and to linear order in G, the local acceleration operator is: 

1 



7 (x) = H 2 + H + 



2 



V327rG/ig T + HV32irGhJT - 8ttG hJ k T hj^ 



/T n k n l 



n l n 3 + 0(G*) , (35) 
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Taking the average over all directions and using: 

* i 1 
n n J — ► - . 

3 15 
results in the following expression: 

8kG 



- (d ij 5 kl + 5 ik 5 jl + 6 il S j> 



(36) 



d n 7(x) 



H + H — 
UkGH ■ 



itt itt _ 327rG -- TT TT 

3 U ij n ij -[5 U ij IL ij 



(37) 



Before substituting the stochastic mode expansion for hf/ in JHZJ we must 
drop the terms where two derivatives act on the same field or upon different 
fields [23123123: 

d 2 nj(x) = H 2 + H-^^^h^ + 0(Gi) (38) 



Stochastic 



Now from the expansion of the stochastic field in de Sitter spacetime 
. 5 



e ik %(k,\)a j ; x + c.c. (39) 



it is elementary to calculate its two-point function: 

d 3 k 



(2k) 



3 9(Ha(t) - k) 6(Ha(t') - k) 
H 2 

x ^H e y(^ A ) e fc*(M) 

A 

— Ak / ^ 6{Ha(t) - k) 6{Ha{t') - k) , 

l07T d Jh k 

H 2 



2n 2 
2tv 2 



{ 6(t - t') In [a(t')\ + 9(t' - t) In [a(t)\ } 
0(*-f) t' + 6(t' -t) t 



The final answer emerges when we use (14 (J j) in expression (J38)) : 

32 



de Sitter 



d n "f(x) 



1 - 



15tt 



0(G 2 



(40) 



(41) 



5 In Ij39(l . c.c. denotes the conjugate expression. 



Even for GUT-scale inflation the correction is a very small constant effect. 
Because the stochastic formalism correctly captures only the leading infrared 
logarithms j2H 123 EH] , our result (j4*Tj) is consistent with zero change at one- 
loop order which is, in turn, consistent with the physics of back-reaction in 
quantum gravity on de Sitter spacetime. 
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